Abstract. We consider a method of representing projective sets by a particular type of union of Borel sets, assuming AD.
The Main Theorem
The axiom of determinacy (AD) is always assumed. The basic references for descriptive set theory and AD are Jackson [3] and Moschovakis [5] , to which we refer the reader for unexplained terminology, concepts and theorems. The proofs in this paper are written for a reader with a good understanding of this topic.
B denotes the class of Borel subsets of N (= ω ω ). γ 2n+1 denotes the predecessor of δ δ δ [3] .) For λ a projective ordinal, μ λ denotes the unique supercompactness measure on P ω 1 (λ) (see Becker [1] ). "Almost every" always refers to the measure μ λ .
Definition. Let A ⊂ N and let λ be a projective ordinal.
(1) A λ-representation of A is a function F : P ω 1 (λ) → B satisfying the following two properties: (a) for all S ∈ P ω 1 (λ), F (S) ⊂ A; (b) for all x ∈ A, for almost every
The purpose of this paper is to prove the Main Theorem. The (a) =⇒ (b) direction is proved in §2, the (b) =⇒ (a) direction in §3.
In Becker [2] , it was proved that a set A ⊂ N is Σ 1 2n+2 iff it is δ δ δ 1 2n+1 -representable. In that paper, the Main Theorem of this paper was conjectured, and it was stated (without proof) that (b) =⇒ (a) holds. The only new result here is (a) =⇒ (b). We refer the reader to Becker [2] for more information on the subject of λ-representability.
The Main Theorem was presented at the Set Theory, Ergodic Theory and Banach Spaces Workshop, held at the University of Florida on May 5-11, 2007 . The applications of the Main Theorem, which were also presented at that meeting, will be published elsewhere.
Proof of (a) =⇒ (b)
, it will suffice to show that there exists an ordinal λ < δ δ δ 1 2n+1 and a tree T on ω × λ satisfying this lemma.
Let {ϕ m } m∈ω be a very good Δ 
Assuming the Claim, we can quickly complete the proof. The σ = case of the Claim states that
set of ordinals, hence bounded below δ δ δ 1 2n+1 . All that remains to be proved is the Claim.
By definition of scale, x ∈ A, and for all k, ϕ k (x) ≤ η k . In particular, ϕ j−1 (x) ≤ η j−1 . Again using (ii) and the fact that the scale is very good,
Proof of (a) =⇒ (b) of the Main Theorem. Fix a Δ 1 2n+1 set A and let T be a tree on ω × γ 2n+1 satisfying the previous lemma. Since δ δ δ 1 2n+1 is a regular cardinal, there is an ordinal ξ, γ 2n+1 ≤ ξ < δ δ δ 1 2n+1 , such that:
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Fix a well ordering, , of γ 2n+1 of order-type ξ, and define f : P ω 1 (γ 2n+1 ) → ω 1 by f (S) = order-type of ( S). 
Let μ be μ γ 2n+1 . To complete the proof that F is a γ 2n+1 -representation of A, all that remains to be shown is that for all x ∈ A, for μ-almost every S, x ∈ F (S). This contradicts the definition of the ordinal ξ.
Proof of (b) =⇒ (a)
Fix a countable clopen basis, C, for N .
Definition. (1) An ∞-Borel code is a triple I = (Z, T, h), where: (a) Z is a nonempty well orderable set; (b) T is a wellfounded tree on Z; (c) h is a function from the terminal nodes of T into C. Z is called the underlying set of I.
(2) Given an ∞-Borel code I = (Z, T, h), for all σ ∈ T , we define a subset B σ (= B σ (I)) of N , by recursion on T , as follows:
(ii) B σ = {B σ s : s ∈ Z and σ s ∈ T }, if σ is not a terminal node and length(σ) is even. (iii) B σ = {B σ s : s ∈ Z and σ s ∈ T }, if σ is not a terminal node and length(σ) is odd. We say that B is the subset of N encoded by I or that I is a code for B .
For S ∈ P ω 1 (λ), we view S ω as a Polish space, with the discrete topology on S and the product topology on S ω . For p ∈ S <ω , N S p denotes the neighborhood of the space S ω consisting of all infinite sequences which extend p. The following lemma is due to Kechris-Woodin [4] . This lemma gives a system of "generic codes" for uncountable ordinals. 
Lemma. There exists a Δ
Proof of (b) =⇒ (a) of the Main Theorem. Fix a γ 2n+1 -representation 
is an ∞-Borel code for the Borel set F (S). For any such f, T
f is a well founded tree on ω; let ρ
We next define a partial functionh from the terminal nodes of T into C.
is a terminal node of
It is obvious that Z is a nonempty well-orderable set, that T is a tree on Z and that h is a total function from the terminal nodes of T into C. Some routine supercompactness and Baire-category arguments establish the following two facts. ω , x ∈ B σ * (I f ). Therefore, for any x ∈ N , x ∈ B (I) iff for almost every S, for a comeager set of f ∈ S ω , x ∈ B (I f ). Recall that I f was chosen to be an ∞-Borel code for F (S), where S = Image (f ). This means that x ∈ B (I) iff for almost every S, x ∈ F (S). As F is a γ 2n+1 -representation for A, by definition of γ 2n+1 -representation, B (I) = A.
We have thus shown that A is encoded by an ∞-Borel code with underlying set Z. Since Z has cardinality γ 2n+1 , A is a γ 
